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We analyse a collection of empirical networks in a wide spectrum of disciplines and show that
strong non-normality is ubiquitous in network science. Dynamical processes evolving on non-normal
networks exhibit a peculiar behaviour, as initial small disturbances may undergo a transient phase
and be strongly amplified in linearly stable systems. Additionally, eigenvalues may become extremely
sensible to noise, and have a diminished physical meaning. We identify structural properties of
networks that are associated to non-normality and propose simple models to generate networks
with a tuneable level of non-normality. We also show the potential use of a variety of metrics
capturing different aspects of non-normality, and propose their potential use in the context of the
stability of complex ecosystems.
Network science [1–3] has emerged, in the last 20 years,
as an essential framework to model and understand com-
plex systems in a variety of disciplines, including physics
[1], economy [4], biology [5] and sociology [6]. At its core,
network science views a system as a set of nodes that may
be connected directly by an edge or indirectly by a suc-
cession of edges, thereby forming paths of interactions.
The bridge between network structure and dynamics is
generally unraveled by defining a linear dynamical model
on the nodes; take for instance a random walk process, as
a simple model of diffusion, or the linearisation around a
critical point of a non-linear dynamical system [7–10]. In
each case, the process is determined by a matrix, some-
how related to the adjacency matrix of the underlying
network. In addition, critical aspects of the system, such
as its stability and characteristic time scales, are usually
described by the properties of its spectrum [11]. Cen-
tral network concepts such as the spectral gap, spectral
radius and Master Stability conditions all build on this
interpretation. Relatedly, network spectra also appear in
network algorithms, such as in community detection [12]
or network comparison [13].
The characterisation of a linear system by its spectrum
is canonical, but it is unreliable in situations when the
linear operator is non-normal, namely its eigenvectors
do not necessarily form an orthonormal basis and the
transformation to eigenvector coordinates may involve
a strong distortion of the phase space. Non-normality
has a long tradition in linear algebra and dynamical sys-
tems, from early studies in hydrodynamics [14] to more
recent works on the robustness of non-normal ecosystems
[15] and in neuronal dynamics [16, 17]. Yet, these re-
sults remain focused on limited areas of science and a
systematic study of the prevalence of non-normality in
real-world networks, and its potential impact on dynam-
ics, is still lacking. Here we call non-normal a network
whose adjacency matrix A is non-normal [18]. By def-
inition, A is non-normal if it verifies AAT 6= ATA.
It is thus clear that A needs to be asymmetric to be
non-normal, or equivalently the network needs to be di-
rected to be non-normal, but, as we will discuss more
in detail later, asymmetry is not sufficient and certain
types of network architectures are necessary to deter-
mine a strong non-normality. It is also important to
note that given a non-normal network other standard
matrices, such as its Laplacian L, are also non-normal.
Non-normality can hence be quantified using a standard
spectral measure borrowed from matrix theory, such as
the Henrici’s departure from normality [19], dF (M) =√||M||2F −∑ni=1 |λi|2, where ||·||F is the Frobenius norm
and λi the eigenvalues of the adjacency matrix. A zero
value is associated to a symmetric network while the
larger the values the stronger the non-normality.
Before going further, let us briefly illustrate more in
detail the influence of non-normality on the prototypi-
cal example of a linear (linearised) dynamics on a non-
normal network. Without loss of generality, we consider
the model x˙ = Mx, where M encodes the linear dy-
namics on the network, through the dependence on L,
and forms a stable matrix, namely the spectral abscissa
α(M) = max<σ(M) is not positive, being σ(M) the
spectrum of the matrix M. In case of normal networks,
the solution of the linear system would consist in a linear
combination of exponentially relaxing modes, each with
a characteristic time scale given by the inverse of the cor-
responding eigenvalue, hence the spectral abscissa is re-
sponsible for the long time dynamics. In situations when
the network is non-normal, however, more complex pat-
terns may emerge. Standard measures of non-normality
of the matrix and their relation to dynamics are provided
in Table I. Indeed, if M has a positive numerical abscissa,
ω(M) = maxσ(H(M)), where H(M) = (M + MT )/2 is
the Hermitian part of M, the system can undergo a tran-
sient growth before asymptotically converging to zero, as
measured by the norm of the state vector x (see panel (a)
in Table I). This transient behaviour cannot be explained
by the picture provided by the spectrum of the matrix
M [19] and can have a strong impact once nonlinearities
are at play. In situations when the dynamics is obtained
from the linearisation around a critical point, this initial
growth may trigger nonlinear terms and take the sys-
tem far away from the equilibrium, and thus radically
reshape the dynamical behaviour of nonlinear systems
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[18], as shown in panel (b) in Table I.
Although a system can initially be close to an asymp-
totically stable equilibrium, it can leave this state even
when a moderate external perturbation occurs due to
non-normality [19]. This effect is even more striking
once one includes stochastic forces to the model, e.g. ex-
ogenous or demographic perturbations due to the sur-
rounding environment [20], as they may push even a
linear, stable system out of equilibrium when it is non-
normal. Again, this behaviour can not be properly cap-
tured neither by the spectrum of the linear model, nor
can it be described by the numerical abscissa, only de-
termining the short time behaviour of the dynamics.
To describe the long time consequences of such pertur-
bations, another important tool is the pseudospectrum
σ(M) = {σ(M + E) : ||E|| ≤ }, for  > 0 [19] , from
which one can compute the -pseudospectral abscissa re-
placing somehow the role of the spectral abscissa and
eventually the Kreiss constant K which provides a direct
measure of the size of the transient amplification (see Ta-
ble I). By definition, a complex number z is an eigenvalue
of M if a bounded inverse of zI−M does not exist. The
pseudospectrum is based on a less strict definition and
defines regions of the complex plane where ||(zI−M)−1||
is larger than a prescribed positive number −1. By its
very first definition, the pseudospectrum defines regions
of the complex plane where eigenvalues of a matrix can
be found due to a small perturbation, M + ∆M, with
||∆M|| < . Such perturbations lead to small variations
of the spectrum in the case of normal matrices, but they
can become much more important in the case of non-
normal matrices. In particular, even small perturbations
can make a linearly stable system unstable. Note that
this effect may have important practical consequences
for networks, as the precise value of edge weights is often
unknown [21] and empirical measurements of networks
are prone to missing edges [22].
As we have discussed, non-normality may strongly af-
fect linear and nonlinear dynamical systems on networks
and, more generally, their behaviour. The contributions
of this work are manifold. First, we show that a strong
non-normality is widespread in complex networks empir-
ically observed in a variety of domains. As a second
step, we reveal the organisation behind non-normality
and show that non-normality is associated with a combi-
nation of absence of cycles [23], low reciprocity [24] and
hierarchical organisation [25]. We also propose a simple
model for growing networks based on preferential attach-
ment reproducing our observations. Finally, we consider
in detail a Lotka-Volterra model applied to a real-world
network and show that the use of network metrics for
non-normality helps to understand the dynamics of the
system.
Results
Non-normal networks: empirical data and the
shape of non-normality. As a first step, we have con-
sidered a large set of directed, real-world networks from
different disciplines, including biology, sociology, commu-
nication, transport and many more. Results reported in
Table II (see also the more complete Table presented in
SM) show values of standard measures of non-normality,
including the numerical abscissa, the -pseudospectral
abscissa and the normalised Henrici’s departure from
normality, dˆF (M) = dF (M)/||M||F , all revealing that
the networks present a strong non-normality.
As a next step, we investigate the type of network or-
ganisation associated to non-normality. The directedness
and low reciprocity of a network are necessary conditions
for non-normality, but they are by no means sufficient.
For instance, a k−regular directed ring, whose adjacency
matrix is circulant, is normal due to its rotational symme-
try [18]. The condition AAT 6= ATA is instead satisfied
when the network is hierarchical, that is when nodes have
a rank and edges with a strong weight tend to flow from
nodes with a small rank to nodes with a high rank (or
vice versa). Such organisations are known to be preva-
lent in different types of networks [25–28], for instance
through the concepts of dominance hierarchies in social
ecology, trophic levels in foodwebs and social status in so-
cial networks. The inequality becomes maximum when
the network is a directed acyclic graph (DAG), such that
the matrix takes an upper triangular form after proper
relabelling of the nodes. Again, DAGs find several appli-
cations, for instance in the case of citation or causal net-
works. Based on these intuitions, we estimate the level
of hierarchy of a real-world network as follows. Given
an adjacency matrix, we search for the best nodes or-
dering such that the total weight in the upper-triangular
part of the matrix is maximal (See Methods), thus al-
lowing to identify the DAG of maximum weight embed-
ded in the network. A simple measure of asymmetry is
then the unbalance ∆ between the number of entries in
the upper and lower triangular part of the relabelled ad-
jacency matrix A˜, that is ∆ := |K< −K>| /K, where
K< =
∑
i<j A˜ij , K
> =
∑
i>j A˜ij and K = K
< + K>.
∆ thus measures the asymmetry of the adjacency matrix
after relabelling and it provides a structural indicator of
non-normality that can be compared with standard spec-
tral measures, such as the normalised Henrici’s departure
from normality. In panel (c) of Fig. 1, we show that
the normalised Henrici’s index strongly correlates with
∆ across a variety of real-world networks, hence rein-
forcing the connection between structural hierarchy and
dynamical non-normality (see also Methods). Finally,
note that non-normality and a hierarchical structure are
global properties of a network. As an illustration, we
have considered in the SM the case of networks built from
different combinations of the same constituting blocks, or
motifs [25, 29–31] and we observe that different levels of
non-normality can emerge from the combination of two
directed motifs, from strong non-normality and a DAG
structure for the whole graph, to weakly non-normal pat-
terns where the presence of a cycle prevents the dynam-
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H(M) = (M+MT )/2
<latexit sha1_base64="RV+IRhW1rweCgNWi5xA 9Z6ZcUVQ=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoKdSZIuhGKLrpRqjQF7RjyaSZGprJDElGKMN8hB t/xY0LRdy6cOffmLYD1tYDgZNz7uXee9yQUaks69vIrKyurW9kN3Nb2zu7e+b+QUsGkcCkiQMWiI6LJGG Uk6aiipFOKAjyXUba7uh64rcfiJA04A01DonjoyGnHsVIaalvlmqFno/UvevFN0nxcu5T+qV3cSMpnlb6 Zt4qW1PAZWKnJA9S1PvmV28Q4MgnXGGGpOzaVqicGAlFMSNJrhdJEiI8QkPS1ZQjn0gnnh6VwBOtDKAXC P24glN1viNGvpRj39WVk0XlojcR//O6kfIunJjyMFKE49kgL2JQBXCSEBxQQbBiY00QFlTvCvE9EggrnW NOh2AvnrxMWpWybZXt27N89SqNIwuOwDEoABucgyqogTpoAgwewTN4BW/Gk/FivBsfs9KMkfYcgj8wPn8 AqAqd7w==</latexit><latexit sha1_base64="RV+IRhW1rweCgNWi5xA 9Z6ZcUVQ=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoKdSZIuhGKLrpRqjQF7RjyaSZGprJDElGKMN8hB t/xY0LRdy6cOffmLYD1tYDgZNz7uXee9yQUaks69vIrKyurW9kN3Nb2zu7e+b+QUsGkcCkiQMWiI6LJGG Uk6aiipFOKAjyXUba7uh64rcfiJA04A01DonjoyGnHsVIaalvlmqFno/UvevFN0nxcu5T+qV3cSMpnlb6 Zt4qW1PAZWKnJA9S1PvmV28Q4MgnXGGGpOzaVqicGAlFMSNJrhdJEiI8QkPS1ZQjn0gnnh6VwBOtDKAXC P24glN1viNGvpRj39WVk0XlojcR//O6kfIunJjyMFKE49kgL2JQBXCSEBxQQbBiY00QFlTvCvE9EggrnW NOh2AvnrxMWpWybZXt27N89SqNIwuOwDEoABucgyqogTpoAgwewTN4BW/Gk/FivBsfs9KMkfYcgj8wPn8 AqAqd7w==</latexit><latexit sha1_base64="RV+IRhW1rweCgNWi5xA 9Z6ZcUVQ=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoKdSZIuhGKLrpRqjQF7RjyaSZGprJDElGKMN8hB t/xY0LRdy6cOffmLYD1tYDgZNz7uXee9yQUaks69vIrKyurW9kN3Nb2zu7e+b+QUsGkcCkiQMWiI6LJGG Uk6aiipFOKAjyXUba7uh64rcfiJA04A01DonjoyGnHsVIaalvlmqFno/UvevFN0nxcu5T+qV3cSMpnlb6 Zt4qW1PAZWKnJA9S1PvmV28Q4MgnXGGGpOzaVqicGAlFMSNJrhdJEiI8QkPS1ZQjn0gnnh6VwBOtDKAXC P24glN1viNGvpRj39WVk0XlojcR//O6kfIunJjyMFKE49kgL2JQBXCSEBxQQbBiY00QFlTvCvE9EggrnW NOh2AvnrxMWpWybZXt27N89SqNIwuOwDEoABucgyqogTpoAgwewTN4BW/Gk/FivBsfs9KMkfYcgj8wPn8 AqAqd7w==</latexit><latexit sha1_base64="RV+IRhW1rweCgNWi5xA 9Z6ZcUVQ=">AAACFHicbVDLSgMxFM3UV62vUZdugkVoKdSZIuhGKLrpRqjQF7RjyaSZGprJDElGKMN8hB t/xY0LRdy6cOffmLYD1tYDgZNz7uXee9yQUaks69vIrKyurW9kN3Nb2zu7e+b+QUsGkcCkiQMWiI6LJGG Uk6aiipFOKAjyXUba7uh64rcfiJA04A01DonjoyGnHsVIaalvlmqFno/UvevFN0nxcu5T+qV3cSMpnlb6 Zt4qW1PAZWKnJA9S1PvmV28Q4MgnXGGGpOzaVqicGAlFMSNJrhdJEiI8QkPS1ZQjn0gnnh6VwBOtDKAXC P24glN1viNGvpRj39WVk0XlojcR//O6kfIunJjyMFKE49kgL2JQBXCSEBxQQbBiY00QFlTvCvE9EggrnW NOh2AvnrxMWpWybZXt27N89SqNIwuOwDEoABucgyqogTpoAgwewTN4BW/Gk/FivBsfs9KMkfYcgj8wPn8 AqAqd7w==</latexit>
MT<latexit sha1_base64="5smGEPiBA/Xc8O2ZGua a4He6DR4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9o0zKZTtqhk0mYmSgl5D/cuF DErf/izr9xkmahrQcGDufcyz1zvIgzpW372yqtrW9sbpW3Kzu7e/sH1cOjjgpjSWibhDyUPQ8rypmgbc0 0p71IUhx4nHa92W3mdx+pVCwULT2PqBvgiWA+I1gbaTgIsJ56fnKfDpNWOqrW7LqdA60SpyA1KNAcVb8G 45DEARWacKxU37Ej7SZYakY4TSuDWNEIkxme0L6hAgdUuUmeOkVnRhkjP5TmCY1y9fdGggOl5oFnJrOUa tnLxP+8fqz9azdhIoo1FWRxyI850iHKKkBjJinRfG4IJpKZrIhMscREm6IqpgRn+curpHNRd+y683BZa9 wUdZThBE7hHBy4ggbcQRPaQEDCM7zCm/VkvVjv1sditGQVO8fwB9bnD+hLksM=</latexit><latexit sha1_base64="5smGEPiBA/Xc8O2ZGua a4He6DR4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9o0zKZTtqhk0mYmSgl5D/cuF DErf/izr9xkmahrQcGDufcyz1zvIgzpW372yqtrW9sbpW3Kzu7e/sH1cOjjgpjSWibhDyUPQ8rypmgbc0 0p71IUhx4nHa92W3mdx+pVCwULT2PqBvgiWA+I1gbaTgIsJ56fnKfDpNWOqrW7LqdA60SpyA1KNAcVb8G 45DEARWacKxU37Ej7SZYakY4TSuDWNEIkxme0L6hAgdUuUmeOkVnRhkjP5TmCY1y9fdGggOl5oFnJrOUa tnLxP+8fqz9azdhIoo1FWRxyI850iHKKkBjJinRfG4IJpKZrIhMscREm6IqpgRn+curpHNRd+y683BZa9 wUdZThBE7hHBy4ggbcQRPaQEDCM7zCm/VkvVjv1sditGQVO8fwB9bnD+hLksM=</latexit><latexit sha1_base64="5smGEPiBA/Xc8O2ZGua a4He6DR4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9o0zKZTtqhk0mYmSgl5D/cuF DErf/izr9xkmahrQcGDufcyz1zvIgzpW372yqtrW9sbpW3Kzu7e/sH1cOjjgpjSWibhDyUPQ8rypmgbc0 0p71IUhx4nHa92W3mdx+pVCwULT2PqBvgiWA+I1gbaTgIsJ56fnKfDpNWOqrW7LqdA60SpyA1KNAcVb8G 45DEARWacKxU37Ej7SZYakY4TSuDWNEIkxme0L6hAgdUuUmeOkVnRhkjP5TmCY1y9fdGggOl5oFnJrOUa tnLxP+8fqz9azdhIoo1FWRxyI850iHKKkBjJinRfG4IJpKZrIhMscREm6IqpgRn+curpHNRd+y683BZa9 wUdZThBE7hHBy4ggbcQRPaQEDCM7zCm/VkvVjv1sditGQVO8fwB9bnD+hLksM=</latexit><latexit sha1_base64="5smGEPiBA/Xc8O2ZGua a4He6DR4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxo1QoS9o0zKZTtqhk0mYmSgl5D/cuF DErf/izr9xkmahrQcGDufcyz1zvIgzpW372yqtrW9sbpW3Kzu7e/sH1cOjjgpjSWibhDyUPQ8rypmgbc0 0p71IUhx4nHa92W3mdx+pVCwULT2PqBvgiWA+I1gbaTgIsJ56fnKfDpNWOqrW7LqdA60SpyA1KNAcVb8G 45DEARWacKxU37Ej7SZYakY4TSuDWNEIkxme0L6hAgdUuUmeOkVnRhkjP5TmCY1y9fdGggOl5oFnJrOUa tnLxP+8fqz9azdhIoo1FWRxyI850iHKKkBjJinRfG4IJpKZrIhMscREm6IqpgRn+curpHNRd+y683BZa9 wUdZThBE7hHBy4ggbcQRPaQEDCM7zCm/VkvVjv1sditGQVO8fwB9bnD+hLksM=</latexit>
Spectral abscissa (long time behaviour)
Numerical abscissa (short time behaviour)
Transposed matrix
 ✏(M) = { (M+E) : ||E||  ✏}
<latexit sha1_base64="/0EpkYACA9x3cTNjayi hh8AM2jQ=">AAACRnicbVDPSxtBFH4bW03TaqMeexkMhQQh7EpBEYSgCF4KFowK2SXMTt7GIbOz68ysED b713nx7M0/wYsHS+m1kx9STfxg4Jvve+/Nmy9MBdfGdR+c0tKHj8sr5U+Vz19W175W1zfOdZIphm2WiER dhlSj4BLbhhuBl6lCGocCL8LB0di/uEGleSLPzDDFIKZ9ySPOqLFStxr4mvdj2s19TDUXiSzqfkzNVRjl P4vGgZ9P/Vfi9gs9Lhr7ZDT6fx2NiC/wmryM8otuteY23QnIIvFmpAYznHar934vYVmM0jBBte54bmqCn CrDmcCi4mcaU8oGtI8dSyWNUQf5JIaCfLdKj0SJskcaMlFfd+Q01noYh7ZyvLOe98bie14nM9FekHOZZg Ylmz4UZYKYhIwzJT2ukBkxtIQyxe2uhF1RRZmxyVdsCN78lxfJ+U7Tc5verx+11uEsjjJ8gy2ogwe70II TOIU2MLiFR3iG386d8+T8cf5OS0vOrGcT3qAE/wAeWLNJ</latexit><latexit sha1_base64="/0EpkYACA9x3cTNjayi hh8AM2jQ=">AAACRnicbVDPSxtBFH4bW03TaqMeexkMhQQh7EpBEYSgCF4KFowK2SXMTt7GIbOz68ysED b713nx7M0/wYsHS+m1kx9STfxg4Jvve+/Nmy9MBdfGdR+c0tKHj8sr5U+Vz19W175W1zfOdZIphm2WiER dhlSj4BLbhhuBl6lCGocCL8LB0di/uEGleSLPzDDFIKZ9ySPOqLFStxr4mvdj2s19TDUXiSzqfkzNVRjl P4vGgZ9P/Vfi9gs9Lhr7ZDT6fx2NiC/wmryM8otuteY23QnIIvFmpAYznHar934vYVmM0jBBte54bmqCn CrDmcCi4mcaU8oGtI8dSyWNUQf5JIaCfLdKj0SJskcaMlFfd+Q01noYh7ZyvLOe98bie14nM9FekHOZZg Ylmz4UZYKYhIwzJT2ukBkxtIQyxe2uhF1RRZmxyVdsCN78lxfJ+U7Tc5verx+11uEsjjJ8gy2ogwe70II TOIU2MLiFR3iG386d8+T8cf5OS0vOrGcT3qAE/wAeWLNJ</latexit><latexit sha1_base64="/0EpkYACA9x3cTNjayi hh8AM2jQ=">AAACRnicbVDPSxtBFH4bW03TaqMeexkMhQQh7EpBEYSgCF4KFowK2SXMTt7GIbOz68ysED b713nx7M0/wYsHS+m1kx9STfxg4Jvve+/Nmy9MBdfGdR+c0tKHj8sr5U+Vz19W175W1zfOdZIphm2WiER dhlSj4BLbhhuBl6lCGocCL8LB0di/uEGleSLPzDDFIKZ9ySPOqLFStxr4mvdj2s19TDUXiSzqfkzNVRjl P4vGgZ9P/Vfi9gs9Lhr7ZDT6fx2NiC/wmryM8otuteY23QnIIvFmpAYznHar934vYVmM0jBBte54bmqCn CrDmcCi4mcaU8oGtI8dSyWNUQf5JIaCfLdKj0SJskcaMlFfd+Q01noYh7ZyvLOe98bie14nM9FekHOZZg Ylmz4UZYKYhIwzJT2ukBkxtIQyxe2uhF1RRZmxyVdsCN78lxfJ+U7Tc5verx+11uEsjjJ8gy2ogwe70II TOIU2MLiFR3iG386d8+T8cf5OS0vOrGcT3qAE/wAeWLNJ</latexit><latexit sha1_base64="/0EpkYACA9x3cTNjayi hh8AM2jQ=">AAACRnicbVDPSxtBFH4bW03TaqMeexkMhQQh7EpBEYSgCF4KFowK2SXMTt7GIbOz68ysED b713nx7M0/wYsHS+m1kx9STfxg4Jvve+/Nmy9MBdfGdR+c0tKHj8sr5U+Vz19W175W1zfOdZIphm2WiER dhlSj4BLbhhuBl6lCGocCL8LB0di/uEGleSLPzDDFIKZ9ySPOqLFStxr4mvdj2s19TDUXiSzqfkzNVRjl P4vGgZ9P/Vfi9gs9Lhr7ZDT6fx2NiC/wmryM8otuteY23QnIIvFmpAYznHar934vYVmM0jBBte54bmqCn CrDmcCi4mcaU8oGtI8dSyWNUQf5JIaCfLdKj0SJskcaMlFfd+Q01noYh7ZyvLOe98bie14nM9FekHOZZg Ylmz4UZYKYhIwzJT2ukBkxtIQyxe2uhF1RRZmxyVdsCN78lxfJ+U7Tc5verx+11uEsjjJ8gy2ogwe70II TOIU2MLiFR3iG386d8+T8cf5OS0vOrGcT3qAE/wAeWLNJ</latexit>
Pseudospectrum ✏ > 0
<latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQ QvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF2 5EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8 LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUN SaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESa rH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4B XevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="LYjyRFVwaMyBe5FzXOT QvgnQX20=">AAAB5nicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQlghuXFWwrtkPJpHfa0EwyJBmhDH0LNy 4U8ZHc+TamPwttPRD4OCch9544k8I6Sr+D0sbm1vZOebeyV90/OKwdVdtW54Zji2upzWPMLEqhsOWEk/i YGWRpLLETj29neecZjRVaPbhJhlHKhkokgjPnraceZlZIra5pv1anDToXWYdwCXVYqtmvffUGmucpKscl s7Yb0sxFBTNOcInTSi+3mDE+ZkPselQsRRsV84mn5Mw7A5Jo449yZO7+flGw1NpJGvubKXMju5rNzP+yb u6Sq6gQKssdKr74KMklcZrM1icDYZA7OfHAuBF+VsJHzDDufEkVX0K4uvI6tC8aIW2E9xTKcAKncA4hXM IN3EETWsBBwQu8wXtgg9fgY1FXKVj2dgx/FHz+AAk+j0Y=</latexit><latexit sha1_base64="LYjyRFVwaMyBe5FzXOT QvgnQX20=">AAAB5nicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQlghuXFWwrtkPJpHfa0EwyJBmhDH0LNy 4U8ZHc+TamPwttPRD4OCch9544k8I6Sr+D0sbm1vZOebeyV90/OKwdVdtW54Zji2upzWPMLEqhsOWEk/i YGWRpLLETj29neecZjRVaPbhJhlHKhkokgjPnraceZlZIra5pv1anDToXWYdwCXVYqtmvffUGmucpKscl s7Yb0sxFBTNOcInTSi+3mDE+ZkPselQsRRsV84mn5Mw7A5Jo449yZO7+flGw1NpJGvubKXMju5rNzP+yb u6Sq6gQKssdKr74KMklcZrM1icDYZA7OfHAuBF+VsJHzDDufEkVX0K4uvI6tC8aIW2E9xTKcAKncA4hXM IN3EETWsBBwQu8wXtgg9fgY1FXKVj2dgx/FHz+AAk+j0Y=</latexit><latexit sha1_base64="xYvDBL5ctxuyE46Q+sy epYiWOIM=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tDoNgFfZstJKgjWUE84HJEfY2c8mSvd1jd08IIf/Cxk IRW/+Nnf/GTXKFJj4YeLw3w8y8KBXcWEK+vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciu wnWqkSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66THLqaGCyWvSa9cIVUyh79KgpxUIEe9V/7q9hXLEpSW CWpMJyCpDSdUW84ETkvdzGBK2YgOsOOopAmacDK/eOqfOaXvx0q7ktafq78nJjQxZpxErjOhdmiWvZn4n 9fJbHwVTrhMM4uSLRbFmfCt8mfv+32ukVkxdoQyzd2tPhtSTZl1IZVcCMHyy6ukeVENSDW4J5XaTR5HEU 7gFM4hgEuowR3UoQEMJDzDK7x5xnvx3r2PRWvBy2eO4Q+8zx9DKJCe</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit><latexit sha1_base64="8uetPn4bfcZHYG1jjIF JrVXheFI=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EqCNpYRTAwmR9jbzCVL9naP3T0hhPwLGw tFbP03dv4bN8kVmvhg4PHeDDPzolRwY33/2yusrK6tbxQ3S1vbO7t75f2DplGZZthgSijdiqhBwSU2LLc CW6lGmkQCH6LhzdR/eEJtuJL3dpRimNC+5DFn1DrpsYOp4ULJK79brvhVfwayTIKcVCBHvVv+6vQUyxKU lglqTDvwUxuOqbacCZyUOpnBlLIh7WPbUUkTNOF4dvGEnDilR2KlXUlLZurviTFNjBklketMqB2YRW8q/ ue1MxtfhmMu08yiZPNFcSaIVWT6PulxjcyKkSOUae5uJWxANWXWhVRyIQSLLy+T5lk18KvB3Xmldp3HUY QjOIZTCOACanALdWgAAwnP8ApvnvFevHfvY95a8PKZQ/gD7/MHRGiQog==</latexit>
✏
<latexit sha1_base64= "ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icb VDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJc xOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoa jqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpV phg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbX hSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLk pAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0M ppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoY sw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC +qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hl d48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latex it><latexit sha1_base64= "ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icb VDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJc xOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoa jqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpV phg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbX hSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLk pAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0M ppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoY sw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC +qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hl d48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latex it><latexit sha1_base64= "ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icb VDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJc xOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoa jqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpV phg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbX hSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLk pAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0M ppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoY sw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC +qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hl d48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latex it><latexit sha1_base64= "ssxxscrscFDuELeuu/+9O0MDmKI=">AAAB73icb VDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJc xOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoa jqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpV phg2mhNLtiBoUXGLDciuwnWqkSSSwFY1uZ37rCbX hSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLk pAI56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0M ppSN6AA7jkqaoAkn83un5MwpfRIr7UpaMld/T0xoY sw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC +qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAh4hl d48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</latex it>
-pseudospectral abscissa
↵✏(M) = sup< ✏(M)
<latexit sha1_base64="7Jl8r/ITwUwsU7q1chy ERcIhhpY=">AAACLXicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdCURduhCr2AZ1SMumdNjSTCUlGKEN/yI 2/IoKLirj1N0wfi9p6IHA451xy7wkkZ9q47sjJrKyurW9kN3Nb2zu7e/n9g5qOE0WhSmMeq0ZANHAmoGq Y4dCQCkgUcKgH/ZuxX38GpVksnsxAQisiXcFCRomxUjt/6xMue6Sd+iA147EYFv2ImF4QpvfD0ytfJ9J/ BOxr1o3mU3g+1s4X3JI7AV4m3owU0AyVdv7d78Q0iUAYyonWTc+VppUSZRjlMMz5iQZJaJ90oWmpIBHoV jq5dohPrNLBYazsEwZP1PmJlERaD6LAJscr6kVvLP7nNRMTXrZSJmRiQNDpR2HCsYnxuDrcYQqo4QNLCF XM7oppjyhCjS04Z0vwFk9eJrWzkueWvIfzQvl6VkcWHaFjVEQeukBldIcqqIooekFvaIQ+nVfnw/lyvqf RjDObOUR/4Pz8Ap1UqYg=</latexit><latexit sha1_base64="7Jl8r/ITwUwsU7q1chy ERcIhhpY=">AAACLXicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdCURduhCr2AZ1SMumdNjSTCUlGKEN/yI 2/IoKLirj1N0wfi9p6IHA451xy7wkkZ9q47sjJrKyurW9kN3Nb2zu7e/n9g5qOE0WhSmMeq0ZANHAmoGq Y4dCQCkgUcKgH/ZuxX38GpVksnsxAQisiXcFCRomxUjt/6xMue6Sd+iA147EYFv2ImF4QpvfD0ytfJ9J/ BOxr1o3mU3g+1s4X3JI7AV4m3owU0AyVdv7d78Q0iUAYyonWTc+VppUSZRjlMMz5iQZJaJ90oWmpIBHoV jq5dohPrNLBYazsEwZP1PmJlERaD6LAJscr6kVvLP7nNRMTXrZSJmRiQNDpR2HCsYnxuDrcYQqo4QNLCF XM7oppjyhCjS04Z0vwFk9eJrWzkueWvIfzQvl6VkcWHaFjVEQeukBldIcqqIooekFvaIQ+nVfnw/lyvqf RjDObOUR/4Pz8Ap1UqYg=</latexit><latexit sha1_base64="7Jl8r/ITwUwsU7q1chy ERcIhhpY=">AAACLXicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdCURduhCr2AZ1SMumdNjSTCUlGKEN/yI 2/IoKLirj1N0wfi9p6IHA451xy7wkkZ9q47sjJrKyurW9kN3Nb2zu7e/n9g5qOE0WhSmMeq0ZANHAmoGq Y4dCQCkgUcKgH/ZuxX38GpVksnsxAQisiXcFCRomxUjt/6xMue6Sd+iA147EYFv2ImF4QpvfD0ytfJ9J/ BOxr1o3mU3g+1s4X3JI7AV4m3owU0AyVdv7d78Q0iUAYyonWTc+VppUSZRjlMMz5iQZJaJ90oWmpIBHoV jq5dohPrNLBYazsEwZP1PmJlERaD6LAJscr6kVvLP7nNRMTXrZSJmRiQNDpR2HCsYnxuDrcYQqo4QNLCF XM7oppjyhCjS04Z0vwFk9eJrWzkueWvIfzQvl6VkcWHaFjVEQeukBldIcqqIooekFvaIQ+nVfnw/lyvqf RjDObOUR/4Pz8Ap1UqYg=</latexit><latexit sha1_base64="7Jl8r/ITwUwsU7q1chy ERcIhhpY=">AAACLXicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdCURduhCr2AZ1SMumdNjSTCUlGKEN/yI 2/IoKLirj1N0wfi9p6IHA451xy7wkkZ9q47sjJrKyurW9kN3Nb2zu7e/n9g5qOE0WhSmMeq0ZANHAmoGq Y4dCQCkgUcKgH/ZuxX38GpVksnsxAQisiXcFCRomxUjt/6xMue6Sd+iA147EYFv2ImF4QpvfD0ytfJ9J/ BOxr1o3mU3g+1s4X3JI7AV4m3owU0AyVdv7d78Q0iUAYyonWTc+VppUSZRjlMMz5iQZJaJ90oWmpIBHoV jq5dohPrNLBYazsEwZP1PmJlERaD6LAJscr6kVvLP7nNRMTXrZSJmRiQNDpR2HCsYnxuDrcYQqo4QNLCF XM7oppjyhCjS04Z0vwFk9eJrWzkueWvIfzQvl6VkcWHaFjVEQeukBldIcqqIooekFvaIQ+nVfnw/lyvqf RjDObOUR/4Pz8Ap1UqYg=</latexit>
Hermitian part of   M
<latexit sha1_base64="FsxrvhUf+uHa5zZL6jy 675PF76s=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiFy9CBVuLbSib7Uu7dLMJuxuhhP4LLx 4U8eq/8ea/cdPmoK0DC8PMe+y8CRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluF GYCdRSKNA4EMwvs79hydUmsfy3kwS9CM6lDzkjBorPfYiakZBmN1O+9WaW3dnIMvEK0gNCjT71a/eIGZp hNIwQbXuem5i/Iwqw5nAaaWXakwoG9Mhdi2VNELtZ7PEU3JilQEJY2WfNGSm/t7IaKT1JArsZJ5QL3q5+ J/XTU146WdcJqlByeYfhakgJib5+WTAFTIjJpZQprjNStiIKsqMLaliS/AWT14m7bO659a9u/Na46qoow xHcAyn4MEFNOAGmtACBhKe4RXeHO28OO/Ox3y05BQ7h/AHzucPu+KQ8Q==</latexit><latexit sha1_base64="FsxrvhUf+uHa5zZL6jy 675PF76s=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiFy9CBVuLbSib7Uu7dLMJuxuhhP4LLx 4U8eq/8ea/cdPmoK0DC8PMe+y8CRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluF GYCdRSKNA4EMwvs79hydUmsfy3kwS9CM6lDzkjBorPfYiakZBmN1O+9WaW3dnIMvEK0gNCjT71a/eIGZp hNIwQbXuem5i/Iwqw5nAaaWXakwoG9Mhdi2VNELtZ7PEU3JilQEJY2WfNGSm/t7IaKT1JArsZJ5QL3q5+ J/XTU146WdcJqlByeYfhakgJib5+WTAFTIjJpZQprjNStiIKsqMLaliS/AWT14m7bO659a9u/Na46qoow xHcAyn4MEFNOAGmtACBhKe4RXeHO28OO/Ox3y05BQ7h/AHzucPu+KQ8Q==</latexit><latexit sha1_base64="FsxrvhUf+uHa5zZL6jy 675PF76s=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiFy9CBVuLbSib7Uu7dLMJuxuhhP4LLx 4U8eq/8ea/cdPmoK0DC8PMe+y8CRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluF GYCdRSKNA4EMwvs79hydUmsfy3kwS9CM6lDzkjBorPfYiakZBmN1O+9WaW3dnIMvEK0gNCjT71a/eIGZp hNIwQbXuem5i/Iwqw5nAaaWXakwoG9Mhdi2VNELtZ7PEU3JilQEJY2WfNGSm/t7IaKT1JArsZJ5QL3q5+ J/XTU146WdcJqlByeYfhakgJib5+WTAFTIjJpZQprjNStiIKsqMLaliS/AWT14m7bO659a9u/Na46qoow xHcAyn4MEFNOAGmtACBhKe4RXeHO28OO/Ox3y05BQ7h/AHzucPu+KQ8Q==</latexit><latexit sha1_base64="FsxrvhUf+uHa5zZL6jy 675PF76s=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiFy9CBVuLbSib7Uu7dLMJuxuhhP4LLx 4U8eq/8ea/cdPmoK0DC8PMe+y8CRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluF GYCdRSKNA4EMwvs79hydUmsfy3kwS9CM6lDzkjBorPfYiakZBmN1O+9WaW3dnIMvEK0gNCjT71a/eIGZp hNIwQbXuem5i/Iwqw5nAaaWXakwoG9Mhdi2VNELtZ7PEU3JilQEJY2WfNGSm/t7IaKT1JArsZJ5QL3q5+ J/XTU146WdcJqlByeYfhakgJib5+WTAFTIjJpZQprjNStiIKsqMLaliS/AWT14m7bO659a9u/Na46qoow xHcAyn4MEFNOAGmtACBhKe4RXeHO28OO/Ox3y05BQ7h/AHzucPu+KQ8Q==</latexit>
Kreiss constant (transient amplification)
K(M) = sup
✏>0
↵✏(M)
✏
<latexit sha1_base64="Bj+XdqAYec2OMnh53Bv zSLENQy4=">AAACQHicbVDLSgMxFM3UV62vqks3g0WomzIjgm6UohtBhAr2AZ1S7qSZNjSTCUlGKMN8mh s/wZ1rNy4UcevK9AG1rQcCh3Pu4d4cXzCqtOO8Wpml5ZXVtex6bmNza3snv7tXU1EsManiiEWy4YMijHJ S1VQz0hCSQOgzUvf710O//kikohF/0ANBWiF0OQ0oBm2kdr7uhaB7GFhymxZH3A+Su/T4wlOxaCceEYqy iF86qRdIwIkHTPRgasyE0qnczheckjOCvUjcCSmgCSrt/IvXiXAcEq4xA6WariN0KwGpKWYkzXmxIgJwH 7qkaSiHkKhWMiogtY+M0rGDSJrHtT1S/yYSCJUahL6ZHF6r5r2h+J/XjHVw3kooF7EmHI8XBTGzdWQP27 Q7VBKs2cAQwJKaW23cA1OUNp3nTAnu/JcXSe2k5Dol9/60UL6a1JFFB+gQFZGLzlAZ3aAKqiKMntAb+kC f1rP1bn1Z3+PRjDXJ7KMZWD+/Y+Oyqw==</latexit><latexit sha1_base64="Bj+XdqAYec2OMnh53Bv zSLENQy4=">AAACQHicbVDLSgMxFM3UV62vqks3g0WomzIjgm6UohtBhAr2AZ1S7qSZNjSTCUlGKMN8mh s/wZ1rNy4UcevK9AG1rQcCh3Pu4d4cXzCqtOO8Wpml5ZXVtex6bmNza3snv7tXU1EsManiiEWy4YMijHJ S1VQz0hCSQOgzUvf710O//kikohF/0ANBWiF0OQ0oBm2kdr7uhaB7GFhymxZH3A+Su/T4wlOxaCceEYqy iF86qRdIwIkHTPRgasyE0qnczheckjOCvUjcCSmgCSrt/IvXiXAcEq4xA6WariN0KwGpKWYkzXmxIgJwH 7qkaSiHkKhWMiogtY+M0rGDSJrHtT1S/yYSCJUahL6ZHF6r5r2h+J/XjHVw3kooF7EmHI8XBTGzdWQP27 Q7VBKs2cAQwJKaW23cA1OUNp3nTAnu/JcXSe2k5Dol9/60UL6a1JFFB+gQFZGLzlAZ3aAKqiKMntAb+kC f1rP1bn1Z3+PRjDXJ7KMZWD+/Y+Oyqw==</latexit><latexit sha1_base64="Bj+XdqAYec2OMnh53Bv zSLENQy4=">AAACQHicbVDLSgMxFM3UV62vqks3g0WomzIjgm6UohtBhAr2AZ1S7qSZNjSTCUlGKMN8mh s/wZ1rNy4UcevK9AG1rQcCh3Pu4d4cXzCqtOO8Wpml5ZXVtex6bmNza3snv7tXU1EsManiiEWy4YMijHJ S1VQz0hCSQOgzUvf710O//kikohF/0ANBWiF0OQ0oBm2kdr7uhaB7GFhymxZH3A+Su/T4wlOxaCceEYqy iF86qRdIwIkHTPRgasyE0qnczheckjOCvUjcCSmgCSrt/IvXiXAcEq4xA6WariN0KwGpKWYkzXmxIgJwH 7qkaSiHkKhWMiogtY+M0rGDSJrHtT1S/yYSCJUahL6ZHF6r5r2h+J/XjHVw3kooF7EmHI8XBTGzdWQP27 Q7VBKs2cAQwJKaW23cA1OUNp3nTAnu/JcXSe2k5Dol9/60UL6a1JFFB+gQFZGLzlAZ3aAKqiKMntAb+kC f1rP1bn1Z3+PRjDXJ7KMZWD+/Y+Oyqw==</latexit><latexit sha1_base64="Bj+XdqAYec2OMnh53Bv zSLENQy4=">AAACQHicbVDLSgMxFM3UV62vqks3g0WomzIjgm6UohtBhAr2AZ1S7qSZNjSTCUlGKMN8mh s/wZ1rNy4UcevK9AG1rQcCh3Pu4d4cXzCqtOO8Wpml5ZXVtex6bmNza3snv7tXU1EsManiiEWy4YMijHJ S1VQz0hCSQOgzUvf710O//kikohF/0ANBWiF0OQ0oBm2kdr7uhaB7GFhymxZH3A+Su/T4wlOxaCceEYqy iF86qRdIwIkHTPRgasyE0qnczheckjOCvUjcCSmgCSrt/IvXiXAcEq4xA6WariN0KwGpKWYkzXmxIgJwH 7qkaSiHkKhWMiogtY+M0rGDSJrHtT1S/yYSCJUahL6ZHF6r5r2h+J/XjHVw3kooF7EmHI8XBTGzdWQP27 Q7VBKs2cAQwJKaW23cA1OUNp3nTAnu/JcXSe2k5Dol9/60UL6a1JFFB+gQFZGLzlAZ3aAKqiKMntAb+kC f1rP1bn1Z3+PRjDXJ7KMZWD+/Y+Oyqw==</latexit>
Henrici’s departure from normality
dF (M) =
q
||M||2F  
X
| i|2
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Frobenius norm
Linearised systems
Non-linear systems
non-normal network
symmetric network
non-normal network
symmetric network
, ,
TABLE I. Summary of non-normal dynamics. In the left panel, we summarise some of the main concepts related to
non-normal dynamics. They are illustrated through the time evolution of the norm of the solution of the nonlinear bistable
system x˙i = f(xi) + D(Lx)i where f(x) = x(a − x)(x − 1) (panel b on the right) and its linearisation, x˙ = Mx, around the
stable equilibrium x = 0 (panel a on the right). Here M = aI+DL, a = −0.245, D = 10, I is the identity matrix and L is the
Laplacian matrix of the underlying non-normal network [3]. Observe that the system is asymptotically stable, α(M) = a < 0.
On both panels on the right, the red curves correspond to a non-normal Scale-Free network (nSF), while the blue ones to the
symmetric version of the same network. Both systems are asymptotically stable and their solutions decrease to asymptotically
reach the stable point (panel a) x = 0. However, one can appreciate the non-monotone convergence of the red curve due to
an initial growth induced by a positive ω(M) and estimated by the Kreiss constant. This different behaviour has a striking
consequence in the nonlinear model (panel b). In that case, even if the equilibrium point remains stable, the initial amplification
due to non-normality is sufficiently strong to push the orbit towards another equilibrium identified by an asymptotic positive
amplitude ||x(t)|| > 0 for t→∞.
ical flow to accumulate on a small number of nodes.
Mechanistic model. Here we propose a simple mecha-
nistic model, denoted by non-normal Scale-Free network
(nSF), leading to the formation of networks with tune-
able levels of non-normality. The model builds on the
seminal ideas of Price [32], later leading to the family
of preferential attachment models [33]. As discussed be-
fore, critical ingredients of the model should be the low
reciprocity of the directed edges and the presence of a
hierarchical structure. We thus consider a growing net-
work where, at each step, a new node j draws a directed
edge to a previously existing node i, with a probability
proportional to its in-degree. Note that this type of pro-
cess is expected to lead to the formation of power-law
in-degree distributions, but this is not our concern here.
Node i also has the possibility to reciprocate and to cre-
ate a link directed at j, as in [34]. Asymmetry can be
included in different ways, either by endowing edges with
a weight and imposing that 0 ≤ wji  wij , or by consid-
ering unweighted edges and assuming that the reciprocal
edge is created with a probability pi→j1. Hierarchy
is then induced by the ordering of the nodes in terms
of their arrival time. As expected, the stronger the in-
equalities, the stronger the non-normality of the result-
3
Network name nodes links ω ω − α α ∆ dˆF
Foodwebs
Cypress wetlands South Florida (wet) 128 2016 296.71 132.11 167.46 0.83 1.00
Cypress wetlands South Florida (dry) 128 2137 217.60 152.50 82.20 0.89 1.00
Little Rock Lake (Wisconsin, US) 183 2494 21.69 14.69 10.02 0.95 0.93
Biological
Transcriptional regulation network (E. coli) 423 578 5.11 4.11 2.52 0.81 0.93
Metabolic network (C. Elegans) 453 4596 13.44 12.44 6.89 0.98 1.00
Pairwise proteins interaction (Homo sapiens) 2239 6452 15.79 13.02 4.01 0.99 0.99
Transport
US airport 2010 1574 28236 1.19 107 79.30 1.19 107 0.01 1.00
Road transportation network (Rome) 3353 8870 2.40 104 120.05 2.39 104 0.08 0.28
Road transportation network (Chicago) 12982 39018 4.23 4.29 10−4 4.54 0.04 0.19
Communication
e-mails network DNC 2029 39264 28.00 2.00 26.37 0.53 0.89
Enron email network (1999-2003) 87273 1148072 85.14 14.54 71.05 0.30 0.99(∗)
e-mails network European institution 265214 420045 76.02 6.09 70.30 0.30 0.84(∗)
Citation
Citations to Milgram’s 1967 paper (2002) 395 1988 10.48 10.48 4.49 1.00 1.00
Articles from Scientometrics (1978-2000) 3084 10416 10.32 8.32 5.28 0.98 1.00
Citation network DBLP 12591 49743 21.50 16.82 8.45 0.87 1.00
Social
Hyper-network of 2004 US election blogs 1224 19025 45.37 10.95 34.95 0.72 0.98
Reply network of the news website Digg 30398 87627 15.92 6.56 10.18 0.61 0.97
Trust network from the website Epinions 75879 508837 123.00 16.47 106.96 0.13 0.80(∗)
TABLE II. We report values of metrics associated to non-normality for a selection of well-studied real-world networks, whose
numbers of nodes and links span several orders of magnitude. A more complete table is available in the SM. All networks are
weighted and directed, and appear to have a significant non-normality. Their adjacency matrix A satisfies AAT 6= ATA and
they posses a positive numerical abscissa (ω) - i.e. they are reactive - which is much larger than the corresponding spectral
abscissa (α), indeed almost all the values in the column ω − α are strongly positive. Moreover the -pseudospectral abscissa,
α (see Table I), is positive for the value  = 10
−1/2. The normalised Henrici’s departure from normality, dˆF (see Table I
and Methods), is also often very large. We observe that, in the case of very large networks, denoted with a (∗), we have only
been able to provide an upper bound for this index, by computing the 1000 largest eigenvalues. We also report the structural
measure of asymmetry ∆ which is correlated with dˆF (see text and Fig.1 panel (c)). Additional details are provided in Figs. 4
and 5 in the SM.
ing networks. We have investigated the non-normality
of the resulting networks and found a striking similar-
ity with the relation between ∆ and the Henrici’s de-
parture from normality observed in real-world networks,
as shown in Fig. 1. Note that we have also considered
variants of other classical network models, such as Erdo˝s-
Re´nyi (ER) [35] and Watts-Strogatz (WS) [36] (see SM)
but their lack of hierarchical structure prevents the for-
mation of strong non-normality, as can be seen in their
pseudospectral properties (see Fig. 3 and SM).
Application to the stability of complex ecosys-
tems. The hierarchical structure of non-normal net-
works allows to introduce interesting connections with
dynamical systems. Here, we focus on stability, a cen-
tral concept to understand the emergence of collective
phenomena [10]. The importance of network structure
for stability is well-established since the seminal works
of May [7, 8] in the context of ecology. For instance,
choosing the interaction strengths from a normal dis-
tribution N (0, σ), May proved that an ecosystem loses
its stability above a critical size, as consequence of the
circular law [38]. To understand the interplay of non-
normality and dynamics, we analyse the Master Stabil-
ity Function [3, 10] which is a general tool allowing to
infer about the (in)stability of a networked dynamical
system; it often relies on the use of the spectrum of
some suitable linearisation, while hereby condition for
(in)stability are determined through to the pseudospec-
trum of the linearised system (1). The latter representing
the Generalised Lotka-Volterra (GLV) model, popular to
understand competition and mutualism among interact-
ing species [7–9]. The set of equations governing the dy-
namics of trophic interactions is given by [9]:
dxi
dt
= xi
ri − sixi +∑
j 6=i
Mijxj
 , ∀i = 1, 2, . . . N.
(1)
Here ri are the intrinsic rates of i) birth if ri > 0, mean-
ing that species i can reproduce itself in absence of other
species and in abundance of resources; ii) death if ri < 0
in the sense that the population of species i will decline
in absence of other species (e.g, preys). The positive
constants si represent the finite carrying capacity of the
ecosystem (limited resources) and prevent the species i
to grow indefinitely. An important role is played by the
4
FIG. 1. Structure of non-normal networks. (a) DAG (blue links) embedded in a weighted non-normal network, with red
links corresponding to entries in the lower triangular part of the adjacency matrix (once nodes are reordered). The thickness
of a link is proportional to its weight. (b) Normalised Henrici’s departure from normality versus the structural measure of
asymmetry ∆, for the networks of Table I SM and for the nSF model.
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(b1)
i
j new node
growth
i
j
preferential attachment(b2) reciprocal weak link
i
j
(b3)
FIG. 2. Non-normal Scale-Free network. (a) local break-
ing of reciprocity: if j’s influence over i is larger than the recip-
rocal one, the pairwise relation is non-reciprocal and presents
a broken symmetry. (b) generating model of nSF network:
once a new node enters into the system (dashed green arrow
in b1), it establishes, with higher probability, a link pointing
toward the node with larger in-degree, i, (solid green link in
b2). With a lower probability, the latter, i.e. the hub, can
create a weaker link pointing in the reciprocal direction (thin
magenta link in b3).
community matrix M whose entries Mij (resp. Mji)
represent the influence of species j on i (resp. i on j).
We also assume that Mii = 0 ,∀ i, namely the commu-
nity matrix describes only inter-species interactions, and
intra-species interactions have been cast into si. In the
following, we adopt the method of Chen and Cohen [39],
as already done in the literature [8, 9]. More precisely,
we hypothesise the existence of a positive equilibrium
solution x∗, that without loss of generality can be as-
sumed to be of the form x∗i = 1, for all i, after a suit-
able choice of the growth/death rates ri. At this point
the Master Stability Function of the GLV model depends
solely on the spectrum (pseudospectrum) of the matrix
M− diag(s), namely the community matrix from which
we remove the matrix whose diagonal contains the inter-
species strengths si. The problem is hence mapped to
a framework where stability directly depends on species
interactions.
The vulnerability of the system is clearly visible in
Fig. 4 where the spectra (black dots) shift from the left
to the right of the imaginary axis once mutualism in-
creases. Although the system remains clearly stable for
a strong competitive setting (panels (a) and (b)), we can
observe (coloured curves) that the -pseudospectral ab-
scissa (see [19] and Table I) is positive and larger for
structured systems than for random ones [8]. To repre-
sent the former systems we used the nSF networks ob-
tained with the generation model previously presented
which result to be very similar to the real trophic rela-
tions. This implies that the system can easily be desta-
bilised by (relatively) small fluctuations due to demo-
graphic, thermal or endogenous noise, always present in
the surrounding environment and that are amplified due
to the non-normality (see SM). This remark can have im-
portant consequences in the understanding of the prob-
lem of coexistence of multiple species in a harsh com-
petitive environment, e.g. in the case of the paradox of
the plankton [40] for which field observations are at odds
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FIG. 3. Models of non-normal networks. Spectra and pseudospectra (computed using the software Eigtool [37]) of non-
normal models (upper panels): (a) Erdo˝s-Re´nyi (ER) with links probability pER = 0.1 and weights from a normal distribution
N (0, 1), (b) (unweighted) Watts-Strogatz (WS) with initial number of neighbour nodes k = 2 and rewiring probability pWS = 1,
(c) non-normal scale free network (nSF) with probability of backward links pi→j = 0.001 for j > i and weights from a uniform
distribution, U [0, 1]. The colour bar, on the right, represents the different levels of ||E|| in log scale e.g.  = 10x where x is the
numerical value reported on the bar. Visual inspection reveals that the pseudospectrum of diverse network models are affected
differently by  and, in particular, that its size is increased more significantly for the nSF model. In the lower panels, we quantify
how the size increase of the pseudospectrum affects the stability of its network as follows. We consider the difference between
the -pseudoabscissa of A and that of its Hermitian part, δ = α(A) − α(H(A)), hence measuring how the non-Hermitian
aspect of the system affects its dominant eigenvalue. This quantity is always positive, as the pseudospectrum of a non-normal
matrix is larger than that of a normal one [19], for any given fixed  > 0. (d) ER with weights from a normal distribution
N (0, σ) for several values of the variance and different links probabilities, pER. (e) (unweighted) WS for different rewiring
probabilities pWS and different initial number of neighbour nodes k. (f) nSF with varying backward links probability pi→j and
different upper bound, b, of the uniform distribution from which the weights are chosen, U [0, b]. In each case, the networks are
composed of 100 nodes and the adjacency matrices have been diagonally shifted with their respective spectral abscissa α(A),
in order to set the real part of the maximum of each spectrum exactly at 0. For the lower panels the value of  has been set to
10−0.5.
with the Principle of Competitive Exclusion [8].
Discussion and conclusions
We have shown that a large number of real-life networks
are strongly non-normal, and that a characterisation of
their properties solely by spectral methods may be mis-
leading. Non-normality induces a strong dependency on
fluctuations and needs to be considered with care when
performing a linear stability analysis of non-linear sys-
tems. Despite that the non-normality is well-studied and
that its importance has been recognised in a variety of
domains, a systematic analysis of its importance and ef-
fect in large-scale networks was still lacking. Our first
contribution is thus the identification of what appears
to be an ubiquitous property of directed networks, but
also the introduction of new methods in the toolbox of
network science, to generate non-normal networks and
capture the effect of non-normality on their dynamics.
Potential applications have recently been explored, for in-
stance in pattern formation on networks [18], and in epi-
demic spreading in metapopulation models [18]. Overall,
these findings emphasise that non-normality is a critical
component of complex systems and that specific tools
are necessary to complement standard methods based
on eigenspectra, which are prevalent in network science.
More specifically, this new perspective may shed light to
explain the diversity of species in ecosystems [41], the ori-
gin of cascade failures in power grids [42] or the spread
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FIG. 4. Generalised Lotka-Volterra model: x˙i = xi(ri − sixi +∑j 6=iMijxj). We consider an ecosystem composed of
25 species. For the sake of simplicity, the intra-species interactions are all set equal, si = 1 ∀i, and M is the (weighted and
signed) adjacency matrix of a nSF network for the structured case (main panels) or a random matrix (insets) whose weights
are drawn from a normal distribution N (0, 1/5). In the structured cases the strengths in the upper triangular part of the
matrix M are 15 times larger than in the lower one, thus enhancing non-normality as can be seen from the pseudospectrum
levels (computed using the software Eigtool [37]). In the upper panels, we show the Master Stability Function close to the
asymptotically stable equilibrium point, based on the use of the pseudospectra. The corresponding dynamical evolution is
shown in the lower panels where different colours correspond to different levels of  in log scale (as in the upper panels), initial
conditions have been uniformly randomly chosen. Different cases are considered depending on the signs of the interaction
strengths: (a) competition (−/−), (b) prey-predator (−/+) and (c) mutualism (+/+). We observe that, even if the system
is asymptotically stable (panels (a1) and (b1)), the -pseudospectral abscissa is positive for sufficiently large , thus inducing
an unstable system behaviour if the perturbation (in the adjacency matrix and/or in the initial conditions) is strong enough
(panels (a2) and (b2)). Yet, the unstructured systems still converge to the homogeneous equilibrium (see insets in panels (a2)
and (b2)). Overall, this effect is more pronounced in the structured systems than in the random ones, as the -levels are much
larger in the former case, for a fixed value of .
of epidemics in mobility networks [43], just to mention
few possible applications.
Methods
Measures of non-normality. A real matrix M is said
to be non-normal if it is not diagonalisable by a uni-
tary matrix, namely its eigenvectors are not orthogonal
to each other [19]. The numerical abscissa has been in-
troduced in population dynamics [15] with the name of
reactivity and it is defined by ω(M) = supσ (H(M)), be-
ing H(M) = (M+MT )/2 the Hermitian part of M. This
is indeed a very natural concept, however it doesn’t allow
to compute the maximum amplification of the initial con-
ditions exhibited by linear stable non-normal systems; for
this reason one has to recur to the pseudospectrum [19],
σ(M), being defined for all  > 0 as the spectrum of the
perturbed matrix M + E, for any matrix ||E|| ≤ . From
the -pseudospectral abscissa, α(M) = sup<σ(M), we
can obtain the Kreiss constant, K(M) = sup>0 α(M)/,
and eventually the lower bound on the orbit size
sup
t≥0
||x(t)|| ≥ K(M)||x(0)|| . (2)
Let us observe that the latter provides a straightfor-
ward bound on the amplification envelope defined in [15].
Moreover K(M) is more informative that reactivity, in
fact a stable system can exhibit a small amplification
even if ω(M) > 0 is very large.
The Henrici’s index is based on the observation that
the Frobenius norm of a normal matrix is given by
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||M||2F = tr(MTM) =
∑n
i=1 |λi|2 where λi are the eigen-
values of the matrix; one can thus define the Henrici’s
departure from normality [19] for a non-normal matrix
M by:
dF (M) =
√√√√||M||2F − n∑
i=1
|λi|2 . (3)
It attains its minimum once the matrix is indeed normal
and then increases as long as the matrix deviates from
normality. To compare systems with different sizes we
define the normalised index dˆF (M) = dF (M)/||M||F .
For a generic matrix with binary (resp. positive en-
tries), one can define the unbalance between the number
(resp. the total sum) of entries in the upper and lower
triangular part, or using the language of networks
∆(M) :=
∣∣∣(∑i<j M˜ij −∑j<i M˜ij)∣∣∣(∑
i<j M˜ij +
∑
j<i M˜ij
) , (4)
where M˜ij are the entries of the final relabelled matrix.
While it can be relatively easy to determine a DAG,
and compute ∆, once we have a drawing of a (small
enough) network, this task becomes hard starting from
the adjacency matrix or a large network. We observe that
the simple operation of relabelling the nodes can change
the value of ∆ and the latter increases the larger the
number of entries in the adjacency matrix are in upper
triangular part, namely links i → j where j > i. Hav-
ing in mind these observations we designed an algorithm
aiming at maximising ∆ once couples of nodes are rela-
belled, i.e. rows and columns of the adjacency matrix
are swapped. To overcome the combinatorial difficulty
of the problem, we resorted to a Simulated Annealing
method [44] to get an accurate solution in a relatively
short time. A pseudo-code is presented in SM and the
generic convergence behaviour of the maximisation pro-
cess is shown in Fig. 2 SM.
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